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4 Linear Algebra 2: Transformations

Topics: Transformations/operators, linear transformations, unitary transformations, pro-
jection operators, Hermitian operators

4.1 Motivation and approach

We referenced matrices in Sec. 3 above when we were thinking about how to write ma-
trix/vector manipulations as summations in order to deal with arbitrarily sized vector spaces.
Otherwise, matrices have been noticeably absent from our discussion of linear algebra. This
may come as a surprise to you, especially if your previous exposure to linear algebra relied
heavily on matrices. Our initial discussion in Sec. 3 focused exclusively on vectors because
vectors are the fundamental object in linear and abstract algebras generally. This is also the
case in quantum mechanics, where we associate the state of a system with a vector. Since
the state of our quantum mechanical system can change for various reasons, we want to be
able to mathematically describe what it means to go from one state to another; that is, we
need to be able to relate one vector to another.

So how, in the context of linear algebra, do we get from one vector to another? We do
this through a transformation, and we represent transformations with matrices. These
matrices “transform” a vector through matrix–vector multiplication, as defined in Sec. 3,
mapping this vector onto a new vector, which may or may not be in the same vector space as
the initial vector. Both the conceptualization and the formalism of transformations carries
over to systems where we use functions to represent our vectors, although here it is common
to refer to transformations as operators.

We discuss both transformations and operators (which you should begin to think of as
the same thing) in a general way below, and we also introduce specific types of transfor-
mations/operators that are of particular importance: linear transformations, unitary trans-
formations, Hermitian operators, and projections. We introduce some of these as “trans-
formations” and others as “operators,” and the reasons for doing this are pedagogical and
arbitrary. Hopefully using both frameworks will help you to practice thinking about how
the ideas we’re developing apply to different contexts. In any case, the concepts we develop
below apply equally to Cartesian vectors, functions, and other types of vectors. That’s part
of what makes linear algebra so neat!

4.2 Transformations and operators

Conceptual and technical video: Linear transformations and matrices by 3Blue1Brown (10:58)
Technical video: Linear transformations as matrix vector products by Khan Academy (17:31)
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The transformation F takes a vector v and moves it to another vector w = F (v). This
is similar to how a function f takes one scalar a and returns another scalar b = f(a).
When we’re speaking about operators, it’s common to use a slightly different notation and
phrasing, saying that the operator Ô acts on the vector |v〉 to return the vector |w〉, which
we write altogether as |w〉 = Ô |v〉. We’ll use both notations below.

One particular class of transformations/operators is of such importance mathematically
and physically that it will be the exclusive focus of our discussion here, not to mention almost
all of quantum mechanics: linear transformations.

4.2.1 Linear transformations

At its core, a linear transformation is a transformation that preserves the effects of both
addition and scalar multiplication. Mathematically, this means that a linear transformation
L satisfies

L(v + w) = L(v) + L(w) (4.1)

L(cv) = cL(v) (4.2)

for any vectors v,w and scalars c in the domain upon which the transformation is defined.
We could also write this

L̂ (|v〉+ |w〉) = L̂ |v〉+ L̂ |w〉 (4.3)

L̂(c |v〉) = cL̂ |v〉 . (4.4)

The importance of linear transformations is related to the idea of a linear combination,
which allows us to write any vector in a vector space in terms of a set of basis vectors, as we
saw in Sec. 3. Say we have some vector |ψ〉 that we write as a linear combination of basis
vectors {|φi〉} for i = 1, 2, . . . , N according to

|ψ〉 =
N∑
i=1

ci |φi〉

(
or v =

N∑
i=1

cibi

)
. (4.5)

The two properties of a linear operator indicated above then allow us to evaluate the action
of the operator L̂ on the arbitrary state |ψ〉 according to

L̂ |ψ〉 = L̂

(
N∑
i=1

ci |φi〉

)
(4.6)

=
N∑
i=1

ci

(
L̂ |φi〉

) (
or L(v) =

N∑
i=1

ciL(bi)

)
. (4.7)

In words, this means that we can specify how the operator L̂ acts on any vector |ψ〉 in the
N -dimensional vector space by specifying its action on some set of N vectors that form a
basis for the space.
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This is incredibly important and bears repeating: we can determine the action of a linear
operator L̂ on an almost always infinite number of vectors by determining its action on a
sometimes finite and always smaller number of basis vectors. For a concrete example, we
can think of some transformation F̂ that acts on the infinite set of vectors in R3. A basis
of this space contains three vectors, and we’ll take the standard Cartesian basis of |x〉 , |y〉,
and |z〉. If we are able to determine F̂ |x〉 , F̂ |y〉, and F̂ |z〉, then what we have shown above
means we know how to find F̂ |v〉 for any vector |v〉 in R3.

4.2.2 Representation as matrices

Linear transformations and operators can be effectively represented using matrices. Indeed,
one helpful way to think about matrices is to think of them as the way to write a given
transformation for some vector space of interest.

For a three-dimensional vector space, matrix–vector multiplication is defined such that
placing the vectors Â |x〉, Â |y〉, and Â |z〉 in order in the columns of a matrix affords the
transformation matrix A:

A =

 | | |
Â |x〉 Â |y〉 Â |z〉
| | |

 . (4.8)

With this matrix in hand, we can determine the effect of this transformation on any vector
v ∈ R3 through matrix vector multiplication according to

v′ = Av, (4.9)

where v′ is the transformed vector.

Example 4.1: Suppose we are interested in rotating the vectors in R3 by some angle θ
about the y-axis in a clockwise fashion. Determine the action of this transformation on
each of the standard Cartesian basis vectors, and use this to construct the matrix that
corresponds to this rotation.

46



4.3 Special types of operators 4 LA2: TRANSFORMATIONS

Example 4.2: Consider representing all rank-3 polynomials in terms of a basis |xn〉 for
n = 0, 1, 2, 3, such that we can write any rank-3 polynomial as

f(x) = c0

∣∣x0
〉

+ c1

∣∣x1
〉

+ c2

∣∣x2
〉

+ c3

∣∣x3
〉
. (4.10)

Within this representation, we would write the function g(x) = 3x2 − 1 as

|g〉 =


−1
0
3
0

 . (4.11)

(a) Write the matrix representation of the operator Â = d
dx

in this basis.

(b) How would you write the operator B̂ =
∫
dx in this basis? What does this tell you

about the action of the operator B̂ on vectors in this space?
(c) Write the matrix representation of the operator B̂ that transforms a vector in the
original basis into an expanded space that contains these four vectors and an additional
vector |x4〉. Is there some ambiguity in this transformation?

4.3 Special types of operators

Within the class of linear operators, there are a number of other types of operators that are
worth mentioning because of their relevance to quantum mechanics. We will briefly discuss
each of these operators and their matrix representations below.

4.3.1 The identity operator

The identity operator, Î, is trivial in the mathematical sense. It takes a vector |v〉 and
returns the same vector |v〉, which we write

Î |v〉 = |v〉 . (4.12)

In particular, this relationship holds for each of the basis vectors in any N -dimensional vector
space, such that the N -dimensional identity matrix is given by

IN =


1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

 (4.13)

The main reason the identity operator/matrix is important here is that it allows us to
define the concept of an inverse of a matrix. The inverse A−1 of a matrix A satisfies

A−1A = AA−1 = I. (4.14)
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4.3.2 Unitary operators

Unitary operators are norm-conserving operators, i.e. they leave the length of a vector
unchanged when they operate on it. Rotating a Cartesian vector is a classic example of
a unitary matrix, and this example is so intuitive that people will sometimes refer to all
unitary transformations as rotations, regardless of whether they seem like “rotations” in the
sense we are used to thinking about them.

Mathematically, a unitary matrix is defined by the property that its conjugate transpose
(or adjoint) is equal to its inverse. We represent the conjugate transpose of a matrix A as
A†, and in the three-dimensional case we write

A† =

A11 A12 A13

A21 A22 A23

A31 A32 A33

† =

A∗11 A∗21 A∗31

A∗12 A∗22 A∗32

A∗13 A∗23 A∗33

 . (4.15)

This means a unitary matrix satisfies

U†U = UU† = I. (4.16)

The identity matrix is the simplest example of a unitary matrix. Based on what we said
above, the matrix representation of the rotation of a Cartesian vector must be a unitary
matrix.

Example 4.3: Show that the rotation matrix you found in the example problem above
is a unitary matrix.

4.3.3 Hermitian operators

Hermitian operators, represented as Hermitian matrices, are among the most important
objects in quantum mechanics. They have lots of important properties that we won’t discuss
or prove here, but that you will consider in your coursework. In a sentence, a Hermitian
matrix is equal to its adjoint (or conjugate transpose). We write this as

H = H†. (4.17)

In the case of a vector space with strictly real coefficients, this definition means that a
Hermitian matrix will be equal to its transpose, i.e. it is symmetric.
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Example 4.4: This problem will use matrix algebra to help us think more about complex
numbers. We can, in general, represent the complex number z = a + ib (for a, b ∈ R) as
a matrix:

z =

[
a −b
b a

]
. (4.18)

(a) Write the number i in this form, and show that i2 = −1
(b) Show that the adjoint of this matrix is equal to the complex conjugate of z, which we
write z∗

(c) Use matrix multiplication to find the square modulus (|z|2 = z∗z) of z. What does
the result indicate about the square modulus of a complex number?
(d) Under what condition will the matrix representation of z be Hermitian?
(e) Under what condition will the matrix representation of z be unitary?
(f) Euler’s formula allows us to write the complex exponential eix = cos(x) + i sin(x).
Determine the square modulus of eix through matrix multiplication.
(g) It is also common to visualize complex numbers as vectors in the Cartesian plane,
with the real component of the number, Re(z), along the x-axis, and the imaginary
component, Im(z), along the y-axis. We’ll call this vector |z〉. What is the effect of the
operator Â = eix on on the vector |z〉?

4.3.4 Projection operators

A projection operator acts on a vector and “flattens” it onto some vector space. Stated
differently, a projection operator determines the portion of a vector that can be represented in
a particular vector space. We already considered the projection of one vector onto another
in Sec. 3, but here we can generalize this definition to include projections onto higher
dimensional spaces. If the vectors {|φi〉} for i = 1, 2, . . . , N form a basis for some vector
space V , then the projection onto this vector space, P̂V is given by

P̂V =
N∑
i=1

|φi〉 〈φi|
〈φi|φi〉

. (4.19)

It is common that each of the vectors |φi〉 in our basis will be normalized, and in this case
the definition of the projection operator simplifies to

P̂V =
N∑
i=1

|φi〉 〈φi| . (4.20)

This is the form of the projection operator that we will use, and this operator acts on some
vector |ψ〉 to give the projection of |ψ〉 onto V as

P̂V |ψ〉 =
N∑
i=1

|φi〉 〈φi|ψ〉 =
N∑
i=1

ci |φi〉 , (4.21)

where we have used the results from Sec. 3.3.1 to identify 〈φi|ψ〉 as the coefficient of |ψ〉
along |φi〉 in a linear combination that uses the vectors {φi} as (at least part of) its basis.
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That was a lot of words, so we’ll also approach this result from another angle to hopefully
clear up any confusion. Instead of starting with the projection operator, suppose we started
with some vector |v〉 that we wrote as a linear combination of the basis vectors {|φi〉} for
i = 1, 2, . . . , N as

|ψ〉 =
N∑
i=1

ci |φi〉 . (4.22)

Now we might be interested in what part of that vector |ψ〉 lies along, say, the vectors
{|φ1〉 , |φ3〉}, the span of which we’ll call the vector space W . Knowing we have the linear
combination above, we could conceptually write this projection of |ψ〉 as

P̂W |ψ〉 = c1 |φ1〉+ c3 |φ3〉 . (4.23)

Given this result, we want our projection operator to pluck out the coefficients along each
of the vectors in the projection space and return a new vector with these coefficients. The
projection operator as defined above does exactly this.

4.4 Connections to physical chemistry

As has been noted previously, quantum mechanical states are represented by vectors in a
particular vector space. As a quantum system evolves in time, we can imagine the vector in
our vector space moving. Transformations and operators that map an initial vector to some
final vector correspond to various physical interactions between the quantum system and its
environment.

Unitary operators take an important role in quantum mechanics because they are by
definition norm-conserving (they do not change the length of the vector that they operate on).
Briefly, the norm of a vector—or the particular components of a vector—correspond to the
probability distribution of observing a particular state on measurement. The conservation
of the overall norm of the state is critical within this interpretation, as whether or not there
is, say, a particle in the system of interest should not change with time, even if where in the
system we might find the particle does in fact change. Hence operators that correspond to
the evolution of a quantum mechanical system in time will, in general, be unitary.

Hermitian operators play one of the most important roles in quantum mechanics, where
we postulate that any observable property of a quantal system corresponds to some Hermitian
operator.

Finally, projection operators are useful because they help us to determine the extent to
which a given vector can be described by a certain subspace of the total space. This will
prove to be a useful technique throughout various aspects of quantum mechanics, but it is
particularly useful in perturbation theory and other approaches to improving the description
of our quantum mechanical state, which will be the focus of the end of CHEM 221A.
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4.5 Example problem solutions

Example 4.1: Suppose we are interested in rotating the vectors in R3 by some angle θ
about the y-axis in a clockwise fashion. Determine the action of this transformation on
each of the standard Cartesian basis vectors, and use this to construct the matrix that
corresponds to this rotation.

The effect of this rotation, R(θ), is the easiest to determine for the basis vector along the
y-axis, because the rotation leaves it unchanged. Mathematically, we write this as

R(θ) |y〉 = |y〉 . (4.24)

This rotation will mix the other basis vectors (|x〉 and |z〉) with each other to an extent that
is determined by the magnitude of the angle θ. Specifically, we have

R(θ) |x〉 = cos(θ) |x〉+ sin(θ) |z〉 (4.25)

R(θ) |z〉 = − sin(θ) |x〉+ cos(θ) |z〉 . (4.26)

Altogether, these three expressions allow us to write the matrix representation of the rotation
operator as the following matrix:

R(θ) =

cos(θ) 0 − sin(θ)
0 1 0

sin(θ) 0 cos(θ)

 . (4.27)

Example 4.2: Consider representing all rank-3 polynomials in terms of a basis |xn〉 for
n = 0, 1, 2, 3, such that we can write any rank-3 polynomial as

f(x) = c0

∣∣x0
〉

+ c1

∣∣x1
〉

+ c2

∣∣x2
〉

+ c3

∣∣x3
〉
. (4.28)

Within this representation, we would write the function g(x) = 3x2 − 1 as

|g〉 =


−1
0
3
0

 . (4.29)

(a) Write the matrix representation of the operator Â = d
dx

in this basis.

(b) How would you write the operator B̂ =
∫
dx in this basis? What does this tell you

about the action of the operator B̂ on vectors in this space?
(c) Write the matrix representation of the operator B̂ that transforms a vector in the
original basis into an expanded space that contains these four vectors and an additional
vector |x4〉. Is there some ambiguity in this transformation?
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(a) We determine the matrix representation of this operator by determining its action on
each of the basis vectors. We have

d

dx

∣∣x0
〉

= |0〉 = 0 (4.30)

d

dx

∣∣x1
〉

=
∣∣x0
〉

(4.31)

d

dx

∣∣x2
〉

= 2
∣∣x1
〉

(4.32)

d

dx

∣∣x3
〉

= 3
∣∣x2
〉
. (4.33)

Hence, the matrix representation of Â = d
dx

in this basis is given by

A =


0 1 0 0
0 0 2 0
0 0 0 3
0 0 0 0

 . (4.34)

(b) This is a trick question: you cannot write the operator B̂ in this basis. We can see this
by determining the action of B̂ on each of the basis vectors:∫

dx
∣∣x0
〉

=
∣∣x1
〉

+ k0

∣∣x0
〉

(4.35)∫
dx
∣∣x1
〉

=
1

2

∣∣x2
〉

+ k1

∣∣x0
〉

(4.36)∫
dx
∣∣x2
〉

=
1

3

∣∣x3
〉

+ k2

∣∣x0
〉

(4.37)∫
dx
∣∣x3
〉

=
1

4

∣∣x4
〉

+ k3

∣∣x0
〉
. (4.38)

The problem is that B̂ |x3〉 contains a contribution along |x4〉, which is a vector that does
not belong in the space as we have defined it. In other words, the operator B̂ is not closed
over the basis that we have chosen: it results in vectors that exist outside of the space.

(c) Using the equations from (b) above, we can write the operator B̂ in the expanded basis
as 

k0 k1 k2 k3

1 0 0 0
0 1

2
0 0

0 0 1
3

0
0 0 0 1

4

 . (4.39)

The transformation is ambiguous inasmuch as the integration constants (kn, for n = 0, 1, 2, 3)
are not determined. Show that the rotation matrix you found in the example problem above
is a unitary matrix.
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A matrix is unitary if the product of the matrix and its Hermitian conjugate yields the
identity matrix. In the previous example problem, we found

R(θ) =

cos(θ) 0 − sin(θ)
0 1 0

sin(θ) 0 cos(θ)

 (4.40)

To determine if this matrix is unitary, we compute

R†(θ)R(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

cos(θ) 0 − sin(θ)
0 1 0

sin(θ) 0 cos(θ)


=

cos2(θ) + sin2(θ) 0 0
0 1 0
0 0 sin2(θ) + cos2(θ)


=

1 0 0
0 1 0
0 0 1

 . (4.41)

Hence, we see that this rotation matrix is unitary.

Example 4.3: This problem will use matrix algebra to help us think more about complex
numbers. We can, in general, represent the complex number z = a + ib (for a, b ∈ R) as
a matrix:

z =

[
a −b
b a

]
.

(a) Write the number i in this form, and show that i2 = −1
(b) Show that the adjoint of this matrix is equal to the complex conjugate of z, which we
write z∗

(c) Use matrix multiplication to find the square modulus (|z|2 = z∗z) of z. What does
the result indicate about the square modulus of a complex number?
(d) Under what condition will the matrix representation of z be Hermitian?
(e) Under what condition will the matrix representation of z be unitary?
(f) Euler’s formula allows us to write the complex exponential eix = cos(x) + i sin(x).
Determine the square modulus of eix through matrix multiplication.
(g) It is also common to visualize complex numbers as vectors in the Cartesian plane,
with the real component of the number, Re(z), along the x-axis, and the imaginary
component, Im(z), along the y-axis. We’ll call this vector |z〉. What is the effect of the
operator Â = eix on on the vector |z〉?

(a) According to the definition given in the problem, i corresponds to a = 0 and b = 1, which
we represent in a matrix as

i =

[
0 −1
1 0

]
. (4.42)
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From this, we can evaluate

i2 =

[
0 1
−1 0

] [
0 1
−1 0

]
=

[
−1 0
0 −1

]
. (4.43)

This final matrix corresponds to a = −1 and b = 0, or just the number -1.

(b) The adjoint (Hermitian conjugate) of the general matrix z is given by[
a b
−b a

]
. (4.44)

Meanwhile, the complex conjugate of z is given by

z∗ = a− ib. (4.45)

We can see that z∗ is represented by the matrix written above, i.e. that taking the adjoint
of our matrix representation corresponds to complex conjugation in the standard algebraic
representation.

(c) For a general complex number z, we obtain the square modulus through matrix multi-
plication as

|z|2 = z∗z =

[
a −b
b a

]† [
a −b
b a

]
=

[
a b
−b a

] [
a −b
b a

]
=

[
a2 + b2 0

0 a2 + b2

]
. (4.46)

We note in particular that the off-diagonal elements of this matrix, which represent the
imaginary portion of the number that corresponds to the matrix, are always zero. This is
equivalent to saying that the square modulus of a complex number is always real.

(d) The matrix representation of z will be Hermitian when b = −b, i.e. whenever b = 0, or
z is exclusively real.

(e) From the result in (c) above, we can see that the matrix representation of z will be
unitary whenever a2 + b2 = 1.

(f) In our matrix formalism, we write eix = cos(x) + i sin(x) as

eix =

[
cos(x) − sin(x)
sin(x) cos(x)

]
. (4.47)

The square modulus of eix is then obtained as∣∣eix∣∣2 =

[
cos(x) sin(x)
− sin(x) cos(x)

] [
cos(x) − sin(x)
sin(x) cos(x)

]
=

[
cos2(x) + sin2(x) 0

0 cos2(x) + sin2(x)

]
=

[
1 0
0 1

]
. (4.48)
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(g) We have already determined the form of this matrix in part (f), and it is given by Eq.
(4.47). From the form of this matrix (and by analogy to the roration matrix we determined in
a previous example problem) we can see that the operator Â = eix has the effect of rotating
the vector |z〉 through the complex plane.
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